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> ■ Abstract 

o\ : 

\^ , In this paper we prove the existence of a solution for reflected BSDE's whose coefficient is of 

\ quadratic growth in z and of linear growth in y, with an unbounded terminal value. 

I \ 
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^ . 1 Introduction 

In this paper we are interested with the following real valued reflected backward stochastic 
differential equations (RBSDE's in short) with one continuous barrier 

Yt = e + ^ fis,Ys,Zs)ds-j^ Z,dB, + KT- Kt,0<t<T 
Yt > Lt,0<t<T, [ (Ys - Ls) dKs = 



where {Bt) is a standard Brownian motion. In our setting the coefficient, namely /, is of 
quadratic growth in z and of linear growth in y. 
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In 1996, El Karoui et al. [1] first introduced this kind of equations and proved the 
existence and uniqueness of the solution under a Lipschitz condition in y and z. Then 
in 1997 Matoussi [llj studied the case when / is of linear growth in y and z. When the 
terminal value ^ is square integrable he proved the existence of a maximal and a minimal 
solution. Later RBSDE's, whose coefficients are quadratic growth in z, have been studied 
by Kobylanski, Lepeltier, Quenez, Torres in [7], but they required the terminal value ^ is 
bounded. 

In an interesting paper, Briand and Hu [2j relaxed the boundness of ^ for non refiected 
BSDE's whose coefficients is quadratic growth in z. In this work we use a similar approach 
in the case of RBSDE's, with the help of existence results contained in [7j. 

The next section is devoted to the assumptions and the claim of the main result theorem 
2.1. The third section gives some estimation results which are important to establish the 
proof of theorem 2.1 in section 4. Then section 5 is devoted to get an extension to the case 
that / is superlinear in y. Finally in section 6 (Appendix) we study the existence, uniqueness 
and characterization of the solution for backward ordinary differential equations with one 
lower continuous barrier, which is a key point in the technics used in section 3. 



2 Assumptions and Main result 

Let {fljJ-', P) be a complete probability space, and {Bt)o<t<T = (Bj, Bf, ■ ■ ■ , -B^^)o<j<t be a 
(i-dimensional Brownian motion defined on a finite interval [0,T], < T < +oo. Denote by 
{^u < t < T} the standard filtration generated by the Brownian motion B, i.e. J-'t is the 
completion of 

J^t = cT{B,;0<s<t}, 

with respect to (JF, P). We denote by V the cr-algebra of predictable sets on [0, T] x Q. 
We shall need the following spaces: 

L^(jFj) = {rj : jF^-measurable random real-valued variable, s.t. i^dr^p) < +C)o}, 
H^(0,T) = {('0t)o<t<T '■ predictable process valued in M", s.t. E \ilj{t)\'^ dt < +oo}, 
S^(0,T) = {('0i)o<t<T : progressively measurable real-valued process, 

s.t. ^(supo<j<T iV'(i)l^) < +oo}, 
A^(0,T)= {(i^t)o<t<T : adapted continuous increasing process, 

s.t. K{0) = 0, E{K{Tf) < +oo}. 

goo denotes the set of predictable bounded processes. 

In this paper, we work under the following assumptions: 
Assumption 2.1. a coefficient / : [0,T] X M X M'^ ^ M, is linear increasing in y and 
quadratic growth in z: there exists a, /5 > 0, 7 > 0, satisfying a > ^, such that for 
y{t,y,z) e [0,T] X M X R'^, 

\f{t,y,z)\<a + P\y\ + ^\zf; (1) 
moreover f{t,y, z) is continuous in (y, z), for all t G [0,T]. 



2 



Assumption 2.2. a terminal condition ^ G L^(jFji), such that 

E[e"'''^\^\] < +00. 

Assumption 2.3. a barrier L, which is a bounded continuous process, with < ^, and 
for Vt G [0,r], |L(| < at, where at is a deterministic and continuous process. 

For the terminal condition, we propose another stronger assumption: 
Assumption 2.4 a terminal time ^ G L^(^t), such that E[e^"'^^'^^^^] < +00. 

Remark 2.1. From the assumption 2.3, we know that ^ has a lower bound in view of 
^ > Lx > —ax- 

Our main result in this paper is: 

Theorem 2.1. Under the assumptions 2.1-2.3, the reflected BSDE associated to {^,f,L) 
admits at least a solution, i.e. there exists a triplet {Yt, Zt, Kt)o<t<T, with Y G S^(0,T), and 
K G A2(0,r), such that 

Yt = i + f{s,Ys,Z,)ds + KT-Kt- ZsdBs, 

Yt > Lt, [ iYt-Lt)dKt = 0. 
Jo 

Moreover if assumption 2.4 holds, then Z G H^(0, T). 



3 Estimation results 

To prove theorem 12.11 we need prove an estimation result. Define 

L2(M) = { {vt)o<t<T : [0, T] R, s.t. [ e^* \vtf dt < 00}, for 7 G R. 

Jo 

Lemma 3.1. Let assumption 2.1 hold and ^ be a bounded Tt -measurable random variable. 
If (Yt, Zt, Kt)o<t<T is a solution of the RBSDE{^,f,a) in S°°(0,r) x H2(0,r) x A^{0,T), 
then 

Lt<Yt<-HE[et{0\J't]). 

7 

Here the mapping 9t{-) : R — » L^(R) is defined that for x E H, {Ot{x), kt{x)) is the unique 
solution of following reflected backward ordinary differential equation, 

Otix) = + ^ H{e,{x))ds + kT{x)-ktix), (2) 

9t{x) > e^"', f {9t{x) - e^''')dkt{x) = 0. 
Jo 

with H{p) =p(a7 + /31np)l[i,+oo)(p) + 7al(™oo,i)(p)- 



Proof. Consider the change of variable 

Jo 

It is easy to check that {Y, Z, K) is a solution of the RBSDE((^, /, L) if and only if (P, Q, J) 
is a solution of the RBSDE(e'^^, F, e'^'^*), where 

Inp q 1 

F{s,p,q) = l{p>o}(7P/(5, ,— ) - ), 

7 7P 2 p 

i.e. the triplet {Pt,Qt, Jt)o<t<T satisfies 

Pt = ^^^ + 1 F{s,Ps,Qs)ds + Jt- Jt- QsdB^, 

Pt > e^^S r{Pt-e^'^^)dJt = 0. 
Jo 

Then in order to get the integral property of F, it is sufficient to study the integrability of 
the process P. First Pt > e'''^*, then it remains to find out an upper bound of P. 

We define the mapping 6t{-) : R — >• L^(R), for x e R, 9t{x) with an increasing process 
kt{x), is a unique solution of the refiected BODE with coefficient H, deterministic barrier 
e'''"', and terminal condition e'^^ G M, satisfying x > ut', i.e. ([2]) is satisfied. Thanks to 
theorem 16.21 in the Appendix, we know that Ot{x) exists and can be written in the following 
forms 

9tix) = snp (ptis,e'^''n{s<T} + e^''l{s=T}) 

t<s<T 

= max{(^i(T,e^"), sup (^t(s,e^'^0} 

t<s<T 



sup [ / H{9r{x))dr + e^''^l{s<T} + e^^l{s=T}], 

t<s<T Jt 



where (s, e''"^'l{s<T} + e^^i{s=T}) is the solution of the non-refiected BODE on [0, s] with 
coefficient H and terminal value e''""'l^s<T} + e'^^^{s=T}, i-e. the followings hold 

¥Pi(T,e^^) = e^^ + r H{^r{T,e^''))dr, (3) 



(^,(s,e^"0 = e^"=+y iJ((/7,(s,e^'^0)rfr, for < s < T. 

For a bounded J-^-measurable random variable ^, we get 

^^i(0=max{(^i(T,e^«), sup e^'^O}, 

t<s<T 
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which is also an ^T-measurable random variable. Since 

t<s<T Jt 

for any stopping time r, such that t < t <T, we have 



So 



OtiO > ess sup r H{er{0)dr + e'^'^n^^^ry + e^^l{.=T}, 

reTt.T Jt 



where 7^,t is the set of the stopping times valued in [t,T]. 
Denote QtiO ■= then we have 

QtiO > ess sup H{eriO)dr + e'^''n{,^T} + e''%,=T}\y't] 

> esssnpE[f E[H{er{0)\^r]dr + e^'^n^^^T} + e''h{r=T}\:Ft]. 

r&Tt^T Jt 

Set equal to the right side; by the optimal stopping problem, we know that there 

exist (^(0,A(0) e H2(0,r) X A2(0,r), such that A(0) is the solution of the 

RBSDE(e^«, e^'^). 

Prom assumption 2.1, it follows that the function H is convex, increasing in p. And 
F(s,p, q) < H{p), for any s e [0,T], p eR, q e R*^. So for r e [0, T], we have 

> i/($,(0)>F(r,$.(0,*r(e))- 

Since ^ is a bounded .Tr-measurable random variable, it follows that ^tiO and Pt are 
bounded. Since H{p) is locally Lipschitz, we can apply the trajectory comparison theorem 
for these RBSDEs, and get for t e [0,r], 

e*(0 > MO > Pt- 

Consequently 



Yt<-\net{0 = -HE[et{0\^t\). 

7 7 



□ 



Lemma 3.2. Let assumptions 2.1 and 2.3 hold, and ^ he a J-'r-measurable bounded random 
variable. If {Yt, Zt, Kt)o<t<T is a solution of the RBSDE{^, f, L), then 

Lt<Yt<-ln{E[et{^VaT)\y't]). (4) 
7 
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Proof. Obviously Yf > Lf. For the right side, consider the RBSDE(^ V aT,f,a); since a is 
a bounded continuous process, by [I], it admits a maximal solution (Y°', Z'^, K"-). From the 
comparison theorem, we have Yt < Y^ . Thanks to lemma [SUl Y^ < ^\n{E[et{^ V at)!^*]), 
which follows 

Yt<-\niE[9ti^yaT)\J't]). 

7 

□ 

Remark 3.1. We can also get some comparison results of 9t{x). Recalling the results in f^, 
we can solve equations ^ explicitly. From their forms, it is easy to check that ipt{T,e^^) 
and (pt{s, e'*'"") are decreasing in t, and ipt{T, e^^) is increasing and continuous in x. So Ot{x) 
is increasing in x. 

For ti, t2 G [0,T], with ti < t2, we have 

^tAT,e^n > ^t-AT,e^n and <^t,(s,e^'^0 > <^t,(s,e^"0- 

Remember that 

0tAx) = max{v?ti(T, e'^''), sup iptAs,e^'''), sup e'^"0}> 

ti<S<t2 t2<S<T 

9tAx) = max{iptAT,e^''), sup (pt^s, e'^"'')}, 

t2<s<T 

then we obtain 9t-^{x) > Ot^ix), i.e. Ot{x) is decreasing in t. 



4 The proof of theorem 12.1 



Now we can prove our main result. Before beginning the proof, we present a monotone 
stability theorem, which is proved in theorem 4 of [7]. 

Theorem 4.1. Let {^^)p£n, ^ be a family of terminal condition, {g'^)peN, g be a family of 
coefficients, L be a continuous bounded process, which satisfy: 

(a) there exists a constant b > 0, such that for eachp, \^^\ < b, and \Lt\ < b, fort G [0, T], 
with ^p>Lt. 

(b) gP , g : [0,T] X n X R X R'^ ^ R are V B(R) BiR"^) -measurable, and there exists 
a function li of the form li{y) = ai(l + \y\), with ai > 0, and a constant A, such that for 
each p, 

\g''it,y,z)\<h{y) + A\z\^ and \g{t,y, z)\ < h{y) + A\z\\ 

(c) the sequence {g^) converge increasingly (resp. decreasingly) to g locally uniformly on 
[0,T] X R X R'^, and {^p) converge increasingly (resp. decreasingly) to C,. 

For eachp, let {Yp,Zp,Kp) be the maximal solution of the RBSDE{^p , g^ , L) . Then the 
sequence (Y^) converges increasingly (resp. decreasingly) to Y uniformly on [0,r], (Z^) con- 
verges to Z in H^(0,T), and (K^) converges decreasingly (resp. increasingly) to K uniformly 
on [0, T], where (Y, Z, K) is the maximal solution of the RBSDE{C,, g, L). 

Remark 4.1. The results still hold if we consider the minimal solutions of the RBSDEs. 
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Proof of theorem I2.lt 

By remark 12. we know that ^ has a lower bound. So we only need to consider the 
approximation of the upper side. For n > ut, we set := ^ A n. It is known from [7J that 
there exists a maximal bounded solution (F", Z"', K^) to the RBSDE(,^", /, L), 



= c+ j%{s,Y:,z:)ds+KJ^-K-- z: 

Y^ > L„ fiY,- - U)dK^ = 0. 



dBs, 



Here (F", Z'^, iT") e 8^(0, T) x H2(0,T) x A^{0,T). Then from lemma[321 we get 

Lt <Yr < -HEie^iC y arm). 

7 

By the comparison theorem under superlinear condition in the Appendix of [13], it follows 
that for t e [0,r], 



Set Yt = sup^Y/", Kt = inf„Kf. By remark [3II1 we have < V ar) < V ar) < 
doiC V ar), then 

i^t<l^t<-ln(£;[0o(eVaT)|-Fi]) 

7 

in view of the dominated convergence theorem and assumption 2.2. So 1" G S^(0,r) and 
K e A2(0,T) since ^[(Kt)^] < ^[(^t)^]- 

Let us introduce the following stopping times 

Tm = inf{t e [0,T], i ln(£;[^t(e V 0^)1-^^]) > m} A T. 

7 

Then denote (F"'™, Z"''", /sT"-™) = (F^^^^^^, l{t<^^}, KfAr^), which satisfy the following RB- 
SDE 



'dB.. 



^n,m cn,m, i / i f(„ \rn,m '7n,m,\j^ , T^n,m T^n,m I ryn,: 

H = ^ + l{s<T„,}/ls, ' ,Z^' )ds + Kj, - Kt - Z^' 

Yt'"" > Lt, / (F,"'" - Lt)dK:^-"' = 0, 
Jo 

where C"" = Y^'"" = Y^^. 

For m fixed, we have that {i^"'"^} is increasing in n, and bounded by m, in view of 
sup„ supjl^'^''"! < m. Now we apply the monotone stability theorem 14.11 to {F"'™}„gN- 
Setting Fj™ = sup^Fj*^'*", then F"'"^ converge uniformly to F*" on [0,T] and there exist 
processes e H2(0,r) and K"^ G A2(0,T), such that Z"'™ ^ in H2(0,T), and i^"-'" 
converges uniformly decreasingly to K^. Furthermore, (F'",Z"*,K™) solves 

F- = r+ r hs<r^}fis,Yr,z:^)ds + Kjp-Kr- r z:^dB,, 
jt Jt 

F™ > Li, ^(F,'" - Lt)dKr = 0, 



where ^™ = sup„ . 

Since < Tm+i, with the definition of (Y"^, Z™, K"^), we deduce that 

Since F"^ and K"^ are continuous, and P — a.s. = T ioT m large enough , so Y and K 
are continuous on [0,T]. We define Z on [0,T) by setting 

m>2 

SO Ztl{t<Trr,} = Z^^{t<Tm} = Z["and tfic triplet ("K, Z, K) satisfies 

YtAr^ = + / /(S, + - " / ^s^i^s- (5) 

J tf\Tm. J t/\Tm 



Since 



P( / \Zs\^ ds) = Pi \Zs\^ ds = oo,T„, = T) + P{ \Zs\'^ ds = 00,Tm <T) 
Jo Jo Jo 

< P{ \Z/ds = 00)+P{Tm<T), 

Jo 

with /" T, as m ^ OO, we deduce that \Zs\'^ ds < oo, P-a.s. Finally letting m ^ oo 
in (jS]), we get that (Y, Z, K) verifies the equation. 

On the other hand, > so Yt > Lt on [0, T] and for each m, - Lt)dK'^ = 0, 

which implies Jg^™(l( — Lt)dKt = 0, for each m. Furthermore P-a.s. for m large enough, 

Tm = T SO. we have jQ{Yt — Lt)dKt = 0, P-a.s.. 

To complete the proof, we need to prove that under the assumption 2.4 the process Z is 
in H2(0,r). 

If (Y, Z, K) is a solution of the RBSDE(^, /, L) constructed as before, then 

Lt<Yt< -\n{E[em V aT)\J't]),E[{KTf] < +oo. (6) 

7 

So under the assumption 2.4, we get, 

E[ sup e^^'^*'] < +00. (7) 

0<t<T 

For n > 1, let cr„ be the following stopping time: 



(T„, = m: 



f{t>0, [ e^^l^'l > n} AT, 
Jo 



and consider the following function 



v(x) = ^(e'^^ - 1 - 7x). 

/y2 
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By Ito's formula applied to tidl^l), with the notation 

sgn{x) = 

we get on [0, t A cr„], 



l,x > 0, 
-l,x< 0, 



^;(|ro|) = v{\Y,^^J) + j^ [v'm)sgn{Y,)f{s,Y„Z,)--v"{\Ys\)\Zs\]ds 

+ / v'{\Y,\)sgn{Y,)dK,- / v'{\Ys\)sgn{Ys)ZsdBs. 
Jo Jo 

From the assumption 2.1 and v'{x) > 0, for x > 0, we get 

v{\Yo\) < v{\Yt^^J)+ v'{\Ys\){a + P\Ys\)ds + snp {v'{\Ys\)-Kt 

Jo 0<s<T 
rtAcFn 1 rtAcr„ 

- / v'{\Ys\)sgn{Ys)ZsdBs - - / {v" {Y^) - ^v' {\Ys\)) 
Jo ^ Jo 



Notice that [y" — 7f')(x) = 1, for x > 0; taking expectation in ([H]), we get 

"tAcFn 1 1 rT 

2^ 



-E \Zs\^ds < £;[ sup e^l^*l + - / e<\'''\{a + (5\Ys\)ds\ (9) 

^ Jo 7 0<s<T 7 Jo 



+ sup e^^l^'^l])^ ■ 

7 0<s<T 



By Fatou's lemma, with ([6]) and ([7]), letting n oo in ([9]), we obtain i? Jp'" < oo. □ 

5 One extension 

In this section, we extend our results to a more general case when the coefficient / is super- 
linear in y. Let h : R_|_ R+ be a non-decreasing convex function with h{0) > such 
that 

du 

+00, and supe ^^h{y) < +oo (10) 



lO y>0 

We assume: 

Assumption 2.5. the coefficient / is continuous in (y, ^) for t G [0,T], and there exists 
7 > such that for (t, z) e [0, T] x R x R"^, 

\f[t,y^z)\<h{\y\) + l\z\\ 

Obviously, the linear increasing condition in assumption 2.1 corresponds to h{y) = a+f3y, but 
we can also give a superlinear growth in y, for example we can take h{y) = a{y + e) ln{y + e). 
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Before giving our integrability condition for the terminal value ^, we need some modifi- 

'pe(o,i) 



cations. According to (ITU]) , we denote Cq = sup g/g i) 7P^(~~) ^i-nd 



In jo 

Po = mi{p > 1 : 7p/i( ) > Cq}. 

7 

Finally, we define 

Inp 

H{p) = 7p/i(— )l|p>po| + col{p<po}- 

Then H is convex and we have the following lemma. 
Lemma 5.1. For a; G M, the reflected BODE 

Otix) = e^"+ / H{e,{x))ds + kTix) -kt{x), 



Ot{x) > at, f {9t{x) ~ at)dkt{x) = 0. 
Jo 

has a unique solution {6t{x),kt{x))o<t<T- Moreover 6t{x) is decreasing on t and continuous 
increasing on x. 

Proof. The results follows easily from the representation of the solution: 

Otix) = max{ipt{T,e^^), sup ¥^t(s,e^'^0} 

t<s<T 



sup [ r H{9r{x))dr + e'"^n|,<T} + 6^^!,=^}], 

t<s<T Jt 



where (yjf (s, e'^"") (resp. iptiT,e'^^)) is a solution of ODE on [0,s] (resp. [0,r]) associated to 
{e"'°'%H) (resp. {e"'^,H)), and the existence results about the non reflected ODE(e'''"% if), 
see lemma 6 in [2]. □ 

Now we give our third integrability condition for the terminal condition 
Assumption 2.6. ^o(^ V ot) is integrable. 

Exactly as in the linear case, we can prove the following existence result: 

Theorem 5.1. Under assumptions 2.3, 2.5 and 2.6, the reflected BSDE associated to /, L) 
has at least one solution {Y, Z, K) such that 

Yt = i+ f f{s,Y,,Z,)ds + KT-Kt- [ ZsdB,, 



Yt > Lt, I {Yt-Lt)dKt = Q. 
Jo 

Moreover, we have Lt<Yt<- ln(^[6't(^ V aT)\J^t])- 
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6 Appendix 

6.1 Trajectory comparison theorem 

In this subsection, we prove a trajectory comparison theorem for RBSDE's under a Lipschitz 
condition. 

Theorem 6.1. Suppose that for i = 1,2, ^* G L^(jFr), f\t,y,z) are Lipschitz functions in 
y and z, i.e. there exists a fi > 0, such that for Vi, y2 ^ Zi, Z2 E M*^, 

\r{t,yi,zi) - f{t,y2,Z2) \ < n{\yi - y2\ + \zi - Z2\), 

with 0,0) e H^(0,T), and U are adapted continuous processes, with 

C > and ^(sup((Lj)+)2) < +oo. 
t 

Let {Y\Z\K''), i = 1,2, be the solutions of the RBSDE's{$,\ f\ L^), respectively. Moreover, 
we set \/t e [0, r], P-a.s. 

e < e, fit, Y,\ ZD < f\t, Yl, ZD, L] < Ll 

Then < Y^, a.s., for t e [0, T]. 

Remark 6.1. We have the same result under the condition f^{t,Y^, ZD < f'^it, Y^ , Zf). 

Proof. Applying Ito's formula to [(1^^ — l^^)"*"]^, then taking expectation, with Lipschitz 
condition, we get 

mt - YtY? < (V + '^y^)Ej\{Y^ - Y^yfds. 

From Gronwall's inequality we deduce that {Y^ - Y^)+ = 0, t e [0,T], i.e. Y^ < Y^ . □ 

6.2 Existence and uniqueness of a solution for reflected backward 
ODE's with one continuous barrier 

We recall the definition of the space 

L2(M) = { (i;i)o<t<T : [0, T] ^ M, s.t. / e^* \vtf dt < oo}, for 7 G R. 

Consider the reflected backward ordinary differential equation(reflccted BODE in short) 
reflected to one continuous barrier / on [0, T], with terminal value x G M, whose solution is a 
couple {yt, kt)o<t<T, with y G Lo(I^) is continuous, and /c is a continuous increasing process, 
ko = 0, and the foUowings hold 

yt = (l){ys)ds + kr - h, (11) 

Vt > h, / iVs - ls)dks = 0. 
11 



Here we suppose 

Assumption Al. the function (;/> : M — > M, is continuous, and there exists a strictly positive 
function Iq, such that \(j){y)\ < lo{y), with = oo. And (j) is increasing in y. 

Assumption A2. the barrier / satisfies: with (3 > 1, < a < 1. And It < x. 

Furthermore we assume that 
Assumption A3, the non reflected BODE's with any terminal value x, any terminal time 
< s < T, and the coefficient 0, have a unique solution. 

Our main result is the 

Theorem 6.2. Under assumptions Al, A2 and A3, the reflected BODE / flT]) admits one 
unique solution {yt, kt)o<t<T- Moreover 

yt = sup ul = sup [ / (f){yr)dr + x1{s=t} + IsI{s<t}], 

t<s<T t<s<T Jt 

where (w^ )o<t<s is the unique solution of the following ODE defined on [0, s] 

ul = (xl{s=r} + h^{s<T}) + (l){u')dr. 

Remark 6.2. The solution y is the smallest process which saisfies the equation and yt > k, 
t G [0,T], i.e. if another couple {y', k') satisfies aussi the equation and y[ > It, then yt < y't. 
But the increasing process k is not the smallest one. 

We first consider the existence of a solution. 
6.2.1 Existence 

For the existence, we do not need the monotonicity condition of in y in assumption Al 
and assumption A3. The proof is done in three steps: 

a) is Lipschitz in y, 

b) (p is linear increasing in y, 

c) is superlinear increasing in y. 
We consider first 

a) the case Lipschitz in y, i.e. there exists a constant G M, such that for y, y' e M, 

\Hy) - <f>{y')\ < i^\y-y'\- 

When = 0f in Lq(M), which means does not depend of y, it is easy to check that the 
solution of such an equation is yt = max{x + (psdsjt}, h = J^ils ~ + Is 4>rdr))~^ds. 
Thanks to the Lipschitz property of we can construct a strict contraction in L^(M), begin- 
ning with a given process {y^} G Lq(R). So the reflected BODE admits one unique solution. 

□ 

Moreover, we have a comparison theorem: 

Theorem 6.3. We consider the equations associated to {x\ 0*, I), i = 1,2, and assume that 
(jr" and 0^ satisfy the Lipschitz assumptions. Let {y^, fc*) be the respective solutions of these 
equations. Moreover, we assume for t G [0,r], 

x'>x\<p\yl)><p'{yl),ll>ll 
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Then y] > y^. 

Proof. We consider {{y^ — yD^Y- Notice that on the set {y'^ > yl}, y^ > y] > I] > 
so we have 



< j\yl - i^dkl - j\yl - /?)i{.?>.,^}^^s - j\yl - ylYdk] < 0. 

Consequently, we get 

{{y^ - ylYf < 2k l\{yl - y]Yfds. 



It follows immediately that (y^ — y])^ = 0, i.e. y} > yf. □ 

Remark 6.3. The result is still true under the assumption (p^iy^) > (j)'^{y^), t G [0,T]. 

b) We now suppose that is continuous and linear increasing in y, i.e. there exists a 
constant G M, such that for ?/ G M, < jiiil + \y\). 

Lemma 6.1. Under the assumptions h) and A2, there exists a minimal solution {yt, kt)o<t<T 
of the reflected BODE{x, 0, /). 

Proof. We consider the following approximation: for n G N, define 

<Pniy) = i'a.i{(f){x) + n\y - x\}, (12) 

then for n > fii, (pn satisfies 

1) Linear increasing: |0„,(?/)| < + \y\); 

2) Monotonicity: / 

3) Lipschitz condition: — (/)n{y')\ ^ n\y — y'\ ; 

4) Strong convergence: If ?/„ — > y, then (pniyn) — > ^(y), as n ^ oo. 



(13) 



By the result of a), for each n G N, there exists a unique solution (?y", fc") of the 
equation (x, (;/>„, /). It's easy to check that the solutions (?/") are bounded uniformly in 
n, i.e. supg<«j.(y")^ < C. Thanks to the comparison theorem 16. 3[ and 2) of (IT^ . we 
know that y^ yt, for t G [0,T]. By Fatou's lemma, we get supo<j<T(2/i)^ < C*, and 

\y'^ — ytf' ds ^ Q , in view of the dominated convergence theorem. 

Then we prove that the convergence still holds in some stronger sense; for n, p G N, we 
have 

pT pT 



sup {y: - y^y < 2( / {y: - ylYds)-^{ / {Uv:) - UyDYdsY- 

0<t<T Jo Jo 

By 1) of (fT3!) and the estimate of (i/"), we get easily {(pniy^) — 4'p{yT)Yds < C, so 
suPq<^<j.(?/" — yfY — 0, as n, ]? — >■ cx) and the limit y is continuous. 
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For {k"-}, it is easy to check that supo<t<T(A;" — k^Y 0, as n, p ^ oo. Then there 
exists a increasing continuous process k, such that {y, k) satisfies the equation. At last, we 
consider ^ ^ ^ 

' - k)dk^ - [ (yt- k)dh < [ iVt- k)dik^ - h) 0, 
Jo Jo 

in view of supo<«2-(A;" — kt)"^ ^ 0, as n oo. Since > It, we get yt > k, for t G [0, T]. 

With {yt — lt)dkt = 0, we have J^iyt — lt)dkt = 0. The proof is complete. □ 
For the maximal solution, it is sufficient to replace f|T2l) by 

(pniy) = sup{0(a;) -n\y- x\}, 
xeQ 

which is a sequence of Lipschitz functions which converge decreasingly to 0. Then using the 
same approximation method as before, we obtain the existence of the maximal solution. We 
have also the following comparison theorem. 

Theorem 6.4. Let us consider (pi, (p2 which satisfy the condition b). We suppose that for 
yeR,te[0,T], 

For the maximal (minimal) solution {y\k''), i = 1,2, of the reflected equation associated to 
{x\ I), we have y] > yl for t E [0, T]. 

Proof. The result comes easily from the approximation and theorem 16. 3[ □ 

c)We consider finally the case is continuous and superlinear in y, i.e. |0(y)| < lo{y). 

Let Vt be the solution of the ordinary differential equation: Vt = b + lo{vs)ds, where 
h = xM supj It (see [7j Lemma 1). Then we have 

Lemma 6.2. Under the assumption c), the reflected equation has a maximal solution {y, k), 
which satisfies: rn < k ^ yt 1^ Vt < Vq where m := infj It. 

Proof. Let p : M+ IR+ be a smooth function such that 

"2 7 X 2^ ^ 
p{x) = X, r < X < R; 
2R, X > 2R. 

Here r and R are two real number such that < r < m and R > vq. It is a direct result 
that the unique solution of the equation 

v? = b+ r k{p{v:))ds 



satisfies = Vt and Vt = Vt > vt > k for t e [0,T]. So (v'',0) can be considered as the 
solution of the refiected BODE associated to {b,lo{y),l). Then we consider the following 
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reflected BODE with one barrier I: 



X + 



[ ^{p{yP))ds + kf^ - K 



Jt 



Vt 




Since (f){p{y)) is bounded and continuous, this equation admits a maximal solution [y^, kf). 
Thanks to the comparison theorem, we get lyf < t'f < f o < R- With yt ^ h ^ HI > f', 
follows that 



i.e. {yf', kP) is also a maximal solution of the reflected BODE associated to (x, 0, /). □ 

We have still a comparison theorem, which follows easily from the proof of existence and 
theorem 16. 4[ 

Theorem 6.5. Consider functions 02 which satisfy condition c). We suppose, for 



For the maximal (minimal) solutions i = 1,2, of the reflected equations associated 

to (x*, 0*, /), we have y] > y'f, for t G [0, T] . 

6.2.2 Uniqueness and characterization of the solution 

Here we will give a characterization of the solution of the reflected BODE under assumptions 
Al, A2 and A3. First, we consider the following lemma: 

Lemma 6.3. Let u'^ he the unique solution of the following BODE for some e > 0, £ G M, 



Then ul converge increasing to Ut as e — > 0, where Ut is the solution of the BODE ut = 
X + (f){us)ds. 

Proof. By comparison theorem 16.51 , we know that ttf^ > u^^, for Si < 62- So uf y Ut, for 
t G [0, T], as £ ^ 0. Then the result follows easily from the continuity of in ?/ and the 
boundedness of uf. □ 

Now we prove a useful inequality. 

Lemma 6.4. Let Ut be the solution of BODE Ut = x + cf){us)ds, and yt which satisfies 
yt> x + jf (j){ys)ds, on [0, T] . Then ut < yt, for t G [0, T] . 

Proof. For any e>Q,yT>x>x — e = u^, where uf is the solution of ffUl) . Suppose that 
there exists a r, such that = y- and yg > on [r , T] . It follows from the monotonicity 
of (j) on y that 



{t,y) G [0,T] xR. 



x'>x^My)>My)Jl>it, 




(14) 
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which is a contradiction. So yt > on [0, T], for any e > 0. Let e ^ 0, with lemma we 
have Uf < yt, on [0, T]. □ 

With the help of these Lemmas, we give the representation of the solution of the reflected 
BODE. 

Proposition 6.1. Under the assumptions Al, A2 and A3, assume that {yt, kt)o<t<T is a 
solution of the following reflected BODE 

yt = x+ 4>{ys)ds + kT - kt, (15) 



yt > k, / {ys - ls)dks = 0. 
Jo 

Then we have for t G [0, T], 

yt = sup u^ = sup [ / (f){yr)dr + x1{s=t} + lsl{s<T}], 

t<s<T t<s<T Jt 

where {uf)o<t<s is the solution of the BODE defined on [0, s] with coefficient (p and terminal 
value xl[s=T} + h^{s<T}- 

Proof. For t G [0,r], since y is a solution of the reflected BODE, with lemma [67il we get 
Ut^ul, for s G [t,T]. Denote 

A = mf{MG [t,r],y„ = /4 AT. 
Notice that k is an increasing process and {ys — ls)dks = 0, then k^t = h- It follows that 

yt = uf\ 

which implies the first equality. For the second one, from ([T^ . it follows 

yt = ys+ [ (t){yr)dr + kT-ks 

> 



4){yr)dr + xl{s=T} + ls'^{s<T}■ 



Wli\l the same Dt, we have 



yt 



/Lit 
(l){yr)dr + xl{Dt=T} + /Dtl{Dt<T}- 



The proof is complete. □ 

Remark 6.4. The function H{p) = p(a7 + /?lnpl[i^_,.oo[(p)) + Q;7l(_oo,i)(p) satisfies assump- 
tion A3, the existence and uniqueness of the solution of non reflected BODE's (see ^). 
Consequently we have the result of the theorem \6.2\ relatively to H. 
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